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Dynamics of water coning
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Water beneath a layer of oil in a producing reservoir may rise and form a bell-shaped cone in the vicinity of
the well. We discuss how the dynamics of cone formation in two dimensions depends on the gravitational
contrast, the interfacial tension, and the flow rate of oil. For a constant flow rate below a critical rateQc , stable
cones are formed. At rates aboveQc , two dynamical regimes are expected. These are slow initial formation
and fast breakthrough to the well. Quasi-two-dimensional transparent porous models were used to perform
cone formation experiments. Effective acceleration due to gravity was systematically varied. The experiments
were simulated using a stochastic model based on invasion percolation in which capillary forces were explicitly
taken into account. We find agreement between experiments and simulations, and consistency with the theo-
retical predictions.@S1063-651X~99!07609-6#

PACS number~s!: 47.55.Mh, 47.55.Kf, 91.65.2n
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I. INTRODUCTION

In oil reservoirs, a layer of water often lies beneath a la
of oil. As the oil is produced from a well in the oil layer, th
oil-water interface is deformed into a characteristic bell-li
shape, thewater cone@see Fig. 1~a!#. The deformation is
driven by the viscous pressure gradient in the vicinity of
well, and counterbalanced by gravity forces due to the d
sity difference between the rising water and the oil. If t
flow rate of oil is lower than a critical flow rateQc , equilib-
rium is reached and a static water cone forms. In the fi
coning is highly undesirable, as it limits production and
duces recovery of reserves. Unfortunately, the technology
abatement of coning is still at an early stage@1#.

For the physicist, water coning presents an interes
moving-boundary problem. The pressure distribution in
reservoir is determined by viscous and hydrostatic contri
tions. During the coning process the boundary condition
the oil-water interface change. Depending on the flow ra
cone propagation either comes to a halt~a stable cone is
formed! or continues up to the well~the cone growth proces
is unstable!. In addition, the properties of the reservoir infl
ence cone formation. For instance, if the water is nonwet
with respect to the oil, then the capillary pressure across
oil-water interface opposes cone propagation.

A number of workers have attempted to character
breakthrough conditions and the shape of stable cones
two- and three-dimensional reservoirs@2–10#. ~Two-
dimensional geometries are used to study coning below h
zontal wells, where oil is flowing to a line sink.! On the
experimental side, Khan@11#, Mungan@12#, and Rajan and
Luhning@13# built three-dimensional scaled reservoir mod
and studied the shape of stable cones and breakthrough
under various circumstances. Schols@14# directly observed
water coning in a Hele-Shaw cell and presented an empir
formula to predict critical flow rates.

*Present address: School of Astronomy and Physics, R. an
Sackler Faculty of Exact Sciences, Tel Aviv University, Israel.
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However, equally important questions concern thedy-
namicsof cone formation. The issue is relevant for petr
leum engineering because water-free oil can be produced
supercritical rate during the cone buildup time. The adv
tage of a higher flow rate must then be balanced against
disadvantage of earlier water breakthrough. The dynamic
water coning is difficult to study in the field, due to th
considerable effort required to map the cone shape, and
lack of detailed knowledge of the reservoir properties. S
ocinski and Cornelius@15# were among the first to discus
dynamics, and observed cone formation under the well i
wedge-shaped reservoir model. Breakthrough times w
calculated numerically by Ozkan and Raghaven@16# and Pa-
patzacoset al. @17#.

In this paper we study the dynamics of water coning
two-dimensional porous media. In Sec. II, experiments
presented in which a water cone formed below a well in

B.

FIG. 1. ~a! illustrates the formation of a water cone~black! in a
region saturated with oil~shaded! in the vicinity of a well.~b! is a
schematic drawing of a two-dimensional reservoir model at the
ginning of ~left-hand section! and during water coning~right-hand
section!. Oil is flowing in at the top rim and pumped out through th
well in the center of the model. The direction of gravityg is indi-
cated.
4244 © 1999 The American Physical Society
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PRE 60 4245DYNAMICS OF WATER CONING
layer saturated with oil. Included is a preliminary presen
tion of an experiment in which an additional gas phase w
superposed on the oil layer. Using the experiments as a
erence, a stochastic simulation model based on the inva
percolation model was constructed. The simulations are
scribed in Sec. III. Some theoretical predictions for the sc
ing behavior of cone formation are derived in Sec. IV, a
experimental and simulation results are presented in Sec
We discuss our results and conclude in Sec. VI.

II. EXPERIMENTS

The quasi-two-dimensional porous models used in the
periments consisted of a monolayer of 1 mm glass be
sandwiched between two 25 mm thick parallel polymeth
methacrylate~PMMA! plates. These models measuredL
541 cm3H544 cm in size and had a porosity ofw 5 0.54
and a permeability ofk5631026 cm2. The width of the
water layer wasd56 cm, and the distance from the initia
oil-water interface to the well wasb58 cm. Model construc-
tion elements were identical to those described in Ref.@18#.
A hole of 5 mm diameter in the center of the model rep
sented an oil well. Ducts at the lower and upper rim of t
model were used to fill the model with the fluids prior
starting the experiments.

For each experiment, a new model was used. During
filling process, the model was tilted to a vertical positio
and a water-glycerol mixture~75 wt % water! representing
water was slowly injected through ducts at the lower end
the model. When the lower portion of the model was co
pletely saturated with the water-glycerol mixture, olive o
was injected through ducts at the upper end of the mo
This procedure was chosen in order to achieve a homo
neous distribution of fluids in the various portions of t
model. Good control of the initial conditions in an expe
ment was essential, as the wetting properties of the mo
were history dependent. In a region that was intially sa
rated by oil, the invading water-glycerol mixture was no
wetting and water coning was opposed by capillary forc
On the other hand, the water-glycerol mixture was the w
ting fluid for regions that were initially saturated by th
water-glycerol mixture. Oil displacing the water-glycer
mixture in those regions was nonwetting, and again wa
coning was opposed by capillary forces. The wetting anglu
was close to 90°@19#, and no significant hysteresis was o
served.

Two-layer reservoirs, consisting of an oil layer above
water layer, were modeled by saturating the upper portion
the model with olive oil. Three-phase experiments were a
conducted. In these experiments, an additional gas la
above the oil layer was modeled by saturating only the ce
portion of the model with oil. A dyed citrus-oil–paraffi
mixture representing gas was injected into the upper port
The fluids were chosen to match the ratios of density, v
cosity, and interfacial tension of the reservoir fluids in t
Gullfaks formation in the North Sea as closely as possib
Table I lists relevant properties of the reservoir fluids and
model fluids.

To begin an experiment, the model was tilted to a suita
angle of inclinationa and the ducts at the lower end of th
model were closed. A peristatic pump extracted the oil fr
-
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the model through the well at the center of the model, a
constant rateQ. Pump rates varied from 0.3 ml/min to 1
ml/min. In the two-layer reservoir experiments, an outer
reservoir was connected to the model through ducts at
upper rim, and the amount of oil in the model remain
constant. In the three-layer reservoir experiments, a sim
reservoir containing citrus-oil–paraffin mixture was used.
this case, the volume of olive oil in the model decreas
during an experiment while the volume of citrus-oil–paraf
mixture increased. In both types of experiment, the amo
of the water-glycerol mixture in the model remained co
stant.

Figure 2 shows the formation of a water cone in a tw
layer model inclined ata518° from the horizontal. The flow
rate was kept at a constant value ofQ54.4 ml/min. The
water-glycerol mixture–olive-oil interface evolved from
flat front to a bell-shaped curve with a cusp. Breakthrou
occurred after approximately 10 min.

Capillary forces can affect the coning process sign
cantly. In Fig. 3, a cone front observed in a vertical mod

TABLE I. Table of fluid properties in the Gullfaks reservoi
and used in the model at 20 °C, including viscositym, densityr,
and interfacial tension with respect to oils. Olive oil representing
oil in the experiment and citrus-oil–paraffin mixture represent
gas were miscible. Olive oil and the water-glycerol mixture rep
senting water were immiscible.

Fluid r m s
(kg/m3) ~cP! ~N/m!

Res. Expt. Res. Expt. Res. Expt. Res. Exp

Gas Citrus-oil–paraffin 280 864 3 4
Oil Olive oil 645 911 46 65 0.001 0
Water Water–glycerol 1000 1199 25 27 0.02 0.0

FIG. 2. Water coning at constant flow rate ofQ54.4 ml/min in
a two-layer reservoir model. The model was saturated with a wa
glycerol mixture ~dark! in the lower portion, and with olive oil
~light! in the center and upper portion. Time is indicated in secon
Inclination 18° from the horizontal.
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(a590°) is compared with a front observed in an inclinati
of 18°. ~a! shows a detail of the sequence shown in Fig.
For low gravitational contrastsDrg, pinning of the propa-
gating front occurs. The resulting front is rough, and lar
regions of oil became trapped in the cone. In the verti
model, gravity forces are stronger by a factor of 3 and
comparable to capillary forces only on a length scale of
order of a typical pore sizea. The cone is smooth on lengt
scales larger thana, and trapping of oil is rare.

Figure 4 shows the formation of a cone in a three-la
model, at a constant flow rate ofQ58.8 ml/min. In the up-
per section of the model, the gas intruded in the form
viscous fingers, directed towards the well. Gas fing
reached the well after about 5 min, and oil production d
clined. At this stage, a pronounced, apparently static, w

FIG. 3. Water cone tips immediately before breakthrough
two-layer models atQ54.4 ml/min and inclinations ofa518° and
90°, respectively.

FIG. 4. Water coning at constant flow rate in a three-la
model. The model was saturated with water-glycerol mixture~dark!
in the lower portion, with olive oil~light! in the center portion, and
with citrus-oil–paraffin mixture~dark gray! in the upper portion.
Time is indicated in seconds.
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cone had formed below the well. The experiment was ter
nated after ten additional minutes during which no furth
cone propagation was observed.

III. SIMULATIONS

Water coning in two-layer reservoirs was simulated us
a stochastic simulation model of the invasion percolat
type @20,21# in which viscous forces are taken into accou
and fluid migration is possible. The pores in a porous mo
were represented by a square lattice of sites. The sites w
labeled to represent pores occupied by either olive oil o
water-glycerol mixture. At the beginning of each simulatio
a radiusai was assigned to the pore represented by thei th
site. The distribution of the radii$a% approximated the pore
neck size distribution identified in a digitized image of a
experimental model. The distribution increased appro
mately linearly up to a peak ata'0.1 mm. Fora.0.1 mm
the distribution decreased approximately exponentia
ranging up to approximatelya50.5 mm.

In the continuum approximation, the potential fieldF of
an incompressible fluid in quasistationary flow satisfies
Poisson equation¹2F5T, whereT represents the source
and sinks. In the simulation, the fluid potential due to
production was found by solving the Poisson equation on
sites of the lattice that were occupied with oil, using a rela
ation method@22#. The boundary conditions used wereF
50 at the top row representing the reservoir of olive
~inlet!, andn•“F50 at all other boundaries~remaining lat-
tice boundaries and interfaces with regions filled with t
water-glycerol mixture!, wheren is a unit vector normal to
the boundary or interface. At one site representing the we
finite source termT5Qmd(r2rw)/(kD) was used, whereQ
is the flow rate or production rate,m the viscosity of the oil,
d the Dirac delta function,rw5(xw ,yw) the location of the
well, k the permeability of the medium, andD the thickness
of the model. At all other sites,T was set to 0. To include the
effects of gravity, a hydrostatic pressure contributionPg
5rogh was added, whereh is the distance to the uppe
lattice boundary.

The viscosity of the water-glycerol mixture was neglect
so that no viscous forces were present on sites occupie
water-glycerol (F50). Pressure in the water-glycerol mix
ture region was calculated relative to the reference pres
Pref5F1Pg at the lowest oil-occupied site on the lattic
For the i th water-glycerol mixture site, pressure was th
given byP5Pref1rWgDhi , whereDhi is the height differ-
ence between thei th site and the reference site.

The capillary pressurePc across a pore containing th
oil-water interface was given by Young’s law,Pc
5s(2D2112a21), whereD is the distance separating th
PMMA walls of the porous models, anda the diameter of the
pore @see Fig. 5~a!#.

At the start of a simulation, all sites in the lower portio
of the lattice were labeled to represent the water-glyce
mixture. The remaining sites on the lattice represented
The simulations proceeded in steps in which water-glyce
mixture invaded a site previously occupied by oil, and sim
taneously abandoned a site@see Fig. 5~b!#. Only sites at the
interface between the two phases could be invaded or a
doned. At each stage, steps were chosen randomly amo

r
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PRE 60 4247DYNAMICS OF WATER CONING
set of possible steps. This set included all steps with a p
tive pressure balance

DP5DPwg→o2Pc
(o)2DPo8→wg82Pc

(wg8) ~1!

in which the condition

P(o),P(wg8) ~2!

was fulfilled. In Eq.~1!, DPwg→o is the pressure differenc
across the interface at the point where propagation of
water-glycerol mixture into the oil-filled region occur
DPo8→wg8 is the corresponding pressure difference at
point where the water-glycerol mixture retreats.Pc

(o) and

Pc
(wg8) denote the capillary pressures that must be overco

in the step. The balance was typically positive for steps
which the water-glycerol mixture propagated upwards in
vicinity of the well and retreated at the boundaries of t
lattice. The condition Eq.~2! eliminated unphysical steps an
required that the pressure at the oil-filled pore that beca
invaded with the water-glycerol mixture be less than
pressure at the pore from which the water-glycerol mixt
withdrew.

Among all possible steps, thei th step was selected ran
domly with the probabilitypi proportional toDPi . In a
sense, this rule is an extrapolation of Darcy’s law to the p
level, for the case of equal permeability at all pores.~An
alternative rule in the spirit of the invasion percolation mod
is to select, at each stage, the step providing the largest p
sure differenceDP. That rule led to propagation only below
the well and thus to very poor representations of the c
formation process.! To establish a time scale, the time w
incremented byDt51/N during each step, whereN is the
number of possible steps at each stage.

After each step, the viscous and hydrostatic press
fields were recalculated, and the boundary conditions w
updated to account for the the changing oil-water interfa
Then a new set of acceptable steps was compiled, and
next step was executed. The simulations were termina

FIG. 5. Illustration of the simulation model.~a! Capillary pres-
sures in pores were calculated according to Young’s law.~b! The
porous model was represented by a square lattice of sites. In
simulation step, water-glycerol mixture propagated into an oil-fil
pore ~o!, and oil propagated into a water-glycerol mixture–fille
pore (wg8). The step was possible if the total pressure bala
DPwg→o2DPo8→wg8 was positive.
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when no step with positive pressure balance was possibl
when the water-glycerol mixture reached the well site.

To account for low fluid compressibilities, a trapping ru
@21# was used to prevent water-glycerol mixture from inva
ing oil-filled pores that were not connected to the well by
path of nearest-neighbor steps between oil-filled pores. W
drawal of the water-glycerol mixture often led to fragmen
tion of the water-glycerol cluster, and occasionally ‘‘untra
ping’’ of trapped oil regions.

The simulation model was calibrated to enable quant
tive comparison with experiments. Production rateQ was
determined directly by measuring the fluid potential gradi
“F at the inlet boundary.Q was given byQ5A(k/m)“F,
where A54.131024 m2 is the cross section of an exper
mental model. Values fork, m, s, ro , andrwg measured for
the fluids used in the experimental system were used. P
radii a varied between 0.01 mm and 0.5 mm, and a value
D51 mm was used to assign capillary pressures. The
mensions of the experimental model were retained. To sim
late experiments on inclined models, an effective accele
tion due to gravity of g5g0sina was used, withg0
59.81 m/s2.

Lattices of 4403410 sites were used in an attempt
model the experiments as closely as possible. Due to
need to repeatedly solve the Poisson equation, the sim
tions required a large amount of computer time, rang
from days to a few weeks for the longest runs. Figure
shows several stages during a simulation, using a flow rat
Q54.4 ml/min anda518°. Important features of the simu
lated structures are in qualitative agreement with the exp
ments. These include the gradual formation of a rough in
face, the withdrawal and fragmentation of the water-glyce
mixture in boundary regions, the complex disorderly co

ch

e

FIG. 6. Structures observed at various stages in a simulatio
water coning at constant flow rateQ54.4 ml/min and an inclina-
tion of a518°. The water-glycerol mixture is shown in black an
olive oil is shown in white. The simulation was terminated when t
cone had reached the well, after 3047 steps. Only part of
4403410 lattice is shown. The figure should be compared with F
2; the same parameters were used in experiment and simulatio
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profile, and the trapping of oil in the propagating cone.
Figure 7 shows direct comparisons of cone fronts

served in experiments and simulations, at a constant fl
rate ofQ54.4 ml/min and varying effective acceleration du
to gravity ~or cell inclination!. The simulated cones are i
fair agreement with the experimental structures, althou
significant deviations are apparent ata590°. Moreover, the
differences in front roughness resulting from varyinga ap-
pear less pronounced in the simulations.

IV. SIMPLE THEORY OF CONING

In this section we derive a continuum analog to Eq.~1!,
expressing the sum of pressure differences across the i
face at the tip of the cone and far from the well. We set
well at the center of the coordinate system, and define
cone heightbh in terms of the initial distanceb from the
initial oil-water interface to the well@see Fig. 1~b!#, and the
dimensionless cone height 0,h,1.

In the Muskat approximation@2,4,6,7,23#, it is assumed
that the potentialF in the oil layer is not affected by the
presence of the rising water cone. In an infinite tw
dimensional reservoir, this impliesF(r );Q ln(r/r0) at all
stages for the solution of the Poisson equation, wherer is the
distance to the well, andr 0 is a length scale characterizin
the problem. Let us ignore finite-size corrections, and let
assume, as in the simulation model, that the viscosity of
water is much smaller than that of the oil. In that case,F
50 in the water layer because the viscous forces are
transmitted across into the oil-water interface.

Consider now the pressure differencesDP across the in-
terface, ignoring capillary forces for the moment. Far fro
the well, DP'0 because the influence of the well on t
potential is small. At the tip of the cone@see Fig. 1~b!#, the
pressure in the oil layer isPtip

(o)5AQ ln@(12h)b/r0#1rogb(1
2h)1P0. Here, the first term represents the differenceDF tip
in fluid potential at the cone tip, andA5m/(2pkD) is a

FIG. 7. Cone fronts~bold lines! observed at initial and near-fina
stages, respectively, in a two-layer reservoir model. The flow
wasQ54.4 ml/min. ~a!, ~b!, and ~c! show experiments at inclina
tions of 5°, 18°, and 90° from the horizontal, respectively. T
fronts observed at the final stages of the simulations~regular lines!,
using parameters matching the experiments, are also shown.
-
w

h

er-
e
e

-

s
e

ot

prefactor.P0 is a constant, andro andg denote the density
of the oil and the acceleration due to gravity, respectively
the water layer at the cone tip, the pressure is given by
drostatic contributions only;Ptip

(w)5rogb(12h)2Drgbh
1P0, where Dr5rw2ro is the difference in density be
tween water and oil. Cone propagation is driven by the s
DPtot of pressure differences across the interface at the
and far from the well,

DPtot5AQ lnF r 0

b~12h!G2Drgbh22Pc . ~3!

The last term in Eq.~3! represents the average capillary pre
sures which we take to be negative across both the tip sec
and the boundary sections of the interface~opposing cone
propagation!.

Equation ~3! is the required continuum analog and c
now be used to discuss qualitatively the dynamics of wa
coning. For very lowQ, DPtot is negative ath50 due to the
capillary pressure, and no cone can be formed. For inter
diateQ, cone propagation is possible up to a critical heig
hc(Q), whereDPtot again becomes negative, due to the
creasing hydrostatic term. For highQ.Qc , DPtot is positive
for all h and breakthrough occurs. If the gravitational co
trast Drg is increased,Qc is shifted and breakthrough re
quires even higher flow rates.

The dimensionless cone height is a function of time,h
5h(t). To estimate the cone propagation velocity, we
sume that the velocityv tip of tip advancement is directly
proportional to the pressure differenceDPtot that drives
propagation at each stage,v tip;DPtot . For smallh, v tip de-
pends, to first order, linearly onh. At ln(12h)'21, or h
5(e21)/e'0.63, v tip(h) undergoes a transition from ap
proximately linear dependence to exponential increase. T
transition is due to the logarithmic term in Eq.~3! and occurs
independently of the values ofQ.Qc andDrg.

The breakthrough timet(Q;Drg;Pc) is found by inte-
grating 1/v tip over h. This must be done numerically. Keep
ing Drg andPc constant and varyingQ, breakthrough time
for flow rates above the critical one is well described by t
form t(Q);1/(Q2Qc)

0.9. KeepingQ and Pc constant and
varying Drg, a reasonable approximation fort is t(Drg)
;1/(Drgc2Drg)0.6, where Drgc is the critical gravita-
tional contrast above which breakthrough is not possible
a given rateQ. Finally, keepingQ and Drg constant and
varying the capillary pressurePc or the interfacial tensions,
t(s);1/(sc2s)0.6 is found, wheres is the maximum in-
terfacial tension allowing for coning.

V. RESULTS

Figure 8 shows a plot of the normalized cone heighth as
a function of time, measured in three experiments and sim
lations at the same constant flow rateQ, for several values of
a. In the simulations, time is given in arbitrary units sin
fluid flow is modeled in discrete steps only. As expecte
breakthrough time increased as the effective gravity for
increased. In all cases, the propagation velocity, correspo
ing to the slope of the curve, increased when the rela
height h surpassed a value of about 2/3 of the maximu
heighth51.
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It is apparent that the effects of decreasinga are not well
reproduced in the simulations; the change in propagation
locity is too small. The curves corresponding toa55° and
18°, respectively, cannot easily be distinguished on the s
of the plot. At this point, however, the stochastic nature
both the experiments and the simulations must be stress

Statistical fluctuations can only be reduced by averag
over many realizations. To this end, simulations were p
formed on much smaller lattices of size 82388 sites. On this
scale, a simulation was completed within a few minutes. F
ure 9~a! shows a plot of cone growth curvesh(t) similar to

FIG. 8. Plot of the normalized cone heighth as a function of
time, measured in two-phase experiments~symbols! and simula-
tions ~dotted lines! at Q54.4 ml/min and various inclinationsa.
For the simulations, time is given in arbitrary units~upper scale!.

FIG. 9. Plot of the normalized cone heightsh as a function of
time, measured in simulations and averaged over several hun
realizations.~a! showsh(t) for a590° and various flow ratesQ.
~b! showsh(t) for the constant rateQ51.9 ml/min and various
inclinations a. The insets show attempts to collapse the data
curves, usingQc51.8 ml/min andgc513.5 m/s2.
e-

le
f
d.
g
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the ones shown in Fig. 8, representing averages of sev
hundred runs. In these simulations the effective accelera
due to gravity,g, was set to 9.81 m/s2 (a590°). At the
lowest rate shown,Q51.9 ml/min, breakthrough time in
creased markedly, and breakthrough occurred only in 60%
the runs.~In the remaining 40% of the runs, a stable co
was formed.! ~b! shows cone growth curves measured a
constant low pump rateQ51.9 ml/min and several value
for the acceleration due to gravity. The insets show the
sults of the attempts to collapse the data on single cur
based on the empirical fits obtained from integrating the
pression 1/DP(h). In both parts, the data collapses are qu
good, considering that Eq.~3! is based on gross simplifica
tions. Only one of the simplifications was explicitly built int
the simulation model, namely,F50 in the water layer.

Pressures can be measured readily in the simulations,
the validity of Eq. ~3! can be checked directly. Figure 1
shows a plot ofDP as a function of the normalized con
height h, measured during simulation runs~using the larger
lattice!. DP(h) is a multivalued function since not every ste
in the simulation leads to a cone height increase. Also,
values ofDP vary randomly since they depend on the ra
dom capillary pressures and on the sequence of propaga
steps.

Running averages ofDP confirm the simple picture given
in connection with Eq.~3!. For a given combination ofQ and
a, DP varied approximately linearly withh for h,0.6. At
very low production rates (Q51.7 ml/min; not shown in the
figure!, breakthrough was barely possible, andDP decreased
linearly with h for small h. At higher rates,DP increased
monotonically withh. For largeh, DP increased steeply in
all cases. As in Fig. 8, a transition to fast cone propagat
can be observed ath'0.65.

In quantitative terms, however, the agreement with E
~3! is poor. The reasons for that are threefold. First, the

ed

n

FIG. 10. Running averages ofDP measured in simulations fo
various values of Q and a590° ~solid lines! and for Q
52.5 ml/min anda518° ~dashed line!. Also shown is the com-
plete sequence of measurements forQ52.5 ml/min anda590°
~dots!. The inset shows contours of the fluid potentialF measured
at the final stage in a simulation, usingQ52.5 ml/min anda
590°.
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tential field F(r ) in the oil layer must meet the bounda
conditions imposed by the geometry of the experimen
model, which leads to a flattening of the potential close
the boundaries of the oil layer. The discrepancy to the lo
rithmic solution, on which Eq.~3! is based, is most pro
nounced for smallh. Secondly, asQ is increased, the con
broadens and an increasing number of simulation steps
resent flow of water to the slopes of the cone, as oppose
flow of water to the tip of the cone. This effect reduces t
running average ofDP so that a direct comparison wit
DPtot is not possible. Thirdly, as the cone rises, the poten
field starts to deviate from its original form, in contradictio
to the Muskat approximation underlying Eq.~3!. These three
effects conspire to lower the average driving contribut
DF to Eq. ~3!, and leave the opposing contributions u
changed. The factor by whichDF(h) is reduced depend
weakly on the flow rateQ but is roughly equal for all cone
heightsh. For this reason, the averages shown in Fig. 10
still reasonably well described by the form given in Eq.~3!,
provided that the prefactorA of the logarithmic term be
changed adequately. Moreover, the scaling predictions
breakthrough times hold, as shown in Fig. 9.

The sequence of simulations at small scales may also
used to study the cone shape at various stages during
formation, by averaging the individual shapes. A conveni
method is to identify all lattice sites that become invaded
more than 50% of the realizations, and use them to repre
the cone. The resulting structure is free of random fluct
tions while the effects of capillary forces still are taken fu
into account. The result is shown in Fig. 11, for two differe
flow ratesQ. As the viscous forces increase~or the gravity
forces decrease!, a large amount of water is redistributed a
the cones become more massive. It is interesting that a
limiting flow rate Qc the cone doesnot degenerate into a
vertical line, since the ratio of driving forces and opposi
forces is not constant during cone formation.

VI. DISCUSSION

The importance of capillary effects in the experiments
apparent. Random capillary forces can pin the propaga
oil-water interface, leading to a rough front. A dimensionle
capillary number Catip , describing the advancement of th
cone tip, can be defined by Catip5mwv tip /s. During most of
the formation time,v tip was of the order of 1024 m/s. Insert-
ing the valuesmw and s for the viscosity of the water-
glycerol mixture and the interfacial tension, Catip'1024 is
obtained. Displacement processes of oil by water in this
gime are known to be dominated by capillary forces@24#.

Capillary forces were explicitly taken into account in th

FIG. 11. Cone fronts ath50.5 andh51 found by averaging
over several hundred simulations on small lattices, usinga590°
andQ51.9 ~solid lines! and 4.4~dotted lines! ml/min, respectively.
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simulations. The simulations combine a discrete latt
model of the porous model with a continuum description
the pressure field. Similar approaches have provided g
results in the context of slow fluid-fluid displacements
uniform gravity fields@25–29# and, more recently, in viscou
pressure fields@30#. Additional successful approaches of th
sort include diffusion-limited-aggregation-like models of fa
fluid-fluid displacements@31–33#. In the present case, a su
prisingly realistic representation of the coning process i
two-layer scenario was obtained. However, discr
percolation-like models like the one used in this work do n
provide intrinsic time scales. Since the primary object of t
work was the study of dynamics, the timeDt that elapsed at
each stage had to be definedad hoc, as being inversely pro-
portional to the number of possible moves. This definition
customarily chosen to represent processes that overla
time, such as the simultaneous flow of water from vario
parts of the water layer into the rising cone.

Using this time scale, direct comparisons of cone grow
curvesh(t) in experiments and in simulations showed on
moderate agreement. These comparisons were base
single realizations and are significantly affected by rand
fluctuations. Yet it is apparent that the simulations did n
reproduce the effect of decreasing relative magnitude
gravity forces correctly. This conclusion is also supported
Fig. 7. Possible reasons include an underestimate of the
meability of the experimental model, leading to a systema
underestimate of simulated flow rate. In this case, the ratio
gravity and capillary forces to viscous forces is too sma
and variations of the former are masked by the domin
viscous forces.

Gravity opposes the tendency to form capillary finge
and smoothes the cone front, as shown in Figs. 3 and 7.
the scale of the experiments, the local roughness of the f
could not be measured unambiguously. By analyzing
data shown in Fig. 7, the width of the front was found
decrease with increasinga, in both experiments and simula
tions, as expected. Here the width was quantified by mea
ing the standard deviation of a front from its running ave
age, in a small interval defined by 0.4,h,0.6. However, the
quality of the data did not allow for quantitative statemen

The scale of the front roughness is given by the ratio
capillary forces to the remaining forces. The local fro
width j can be expected to vary continuously along the fro
since this ratio is small below the well and increases
boundary regions far from the well. In gravity-stabilize
fluid-fluid displacement experiments~in the absence of vis-
cous forces!, it is well known thatj;uBou2n/(n11), where
the Bond number Bo is the ratio of gravity forces to capilla
forces andn is the percolation correlation exponent@25,27#.
A similar relationship seems to hold for fluid-fluid displac
ment processes that are driven by weak viscous forces~in the
absence of gravity!, where the capillary number Ca replac
the Bond number Bo@30#. An analog scaling law for the
front width in water coning may involve a combination o
Bo and Ca. In practice, the capillary-induced roughening
the front will be small on the overall scale of the cone, whi
is given by the size of the reservoir~tens of meters in typica
oil fields!. Nevertheless, capillary forces should not be n
glected even on the reservoir scale since they make a cru
contribution to the overall pressure balance that contr
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cone propagation. For instance, heterogeneities in the re
voir can distort the cone shape significantly due to the co
bined effects of variations in capillary pressure and perm
ability. The scaling predictions for breakthrough times w
break down altogether in that case. One way to investig
coning in such a scenario, next to detailed experimental s
ies, is to construct a computer model in which the pore ra
associated to the sites reflect the spatial distribution of re
voir permeability. To model coning in a reservoir, rather th
in a laboratory model, each site will represent a macrosco
rock section rather than a single pore.

In conclusion, we studied water cone formation in hom
geneous two-dimensional porous models in experiments
simulations. Our simulations involve a combination of a p
colationlike model with a continuous pressure field desc
ing the viscous fluid flow. We presented a simple appro
to understand the dynamics of the process, based on
Muskat approximation, and find that cone formation is ch
l.

p
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acterized by a transition from slow to fast cone growth.
nally, we speculate on the dynamics of coning in thre
dimensional systems. The potential field in the oil layer
then described by a function of the form 1/r . No pronounced
transition from slow to fast cone propagation, but a grad
increase in propagation velocity with increasing cone heig
should be expected in that case.
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